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In this work, we constrain the spectral index nt of the primordial gravitational wave power
spectrum in a universe with sterile neutrinos by using the Planck temperature data, the WMAP
9-year polarization data, the baryon acoustic oscillation data, and the BICEP2 data. We call this
model the ΛCDM+r+νs+nt model. The additional massive sterile neutrino species can significantly
relieve the tension between the Planck and BICEP2 data, and thus can reduce the possible effects
of this tension on the fit results of nt. To constrain the parameters of sterile neutrino, we also utilize
the Hubble constant direct measurement data, the Planck Sunyaev-Zeldovich cluster counts data,
the Planck CMB lensing data, and the cosmic shear data. We find that due to the fact that the
BICEP2 data are most sensitive to the multipole ` ∼ 150 corresponding to k ∼ 0.01 Mpc−1, there
exists a strong anticorrelation between nt and r0.002 in the BICEP2 data, and this further results
in a strongly blue-tilt spectrum. However, a slightly red-tilt tensor power spectrum is also allowed
by the BICEP2 data in the region with larger value of r0.002. By using the full data sets, we obtain
meffν,sterile = 0.48
+0.11
−0.13 eV, Neff = 3.73
+0.34
−0.37, and nt = 0.96
+0.48
−0.63 for the ΛCDM+r+νs+nt model.
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I. INTRODUCTION
Recently, the BICEP2 Collaboration announced the
detection of the primordial gravitational waves (PGWs)
with the tensor-to-scalar ratio r = 0.20+0.07−0.05 [1]. How-
ever, the cosmic microwave background (CMB) temper-
ature anisotropy power spectrum measured by the Planck
Collaboration gave r < 0.11 at the 95% confidence level
(CL) [2], which is in tension with the BICEP2 result. To
resolve this tension, the BICEP2 Collaboration consid-
ered the running of the scalar spectral index, however,
the resulting negative running of order 10−2 significantly
challenges the usual slow-roll inflation models. In order
to avoid this unsatisfactory consequence, more possible
mechanisms to relieve this tension need to be explored.
We proposed that this tension could be resolved with
the consideration of sterile neutrinos [3, 4] (see also
Ref. [5]). In our model, two additional parameters, i.e.,
the effective number of relativistic species, Neff , and the
effective mass of sterile neutrino, meffν,sterile, are added to
the seven-parameter base ΛCDM+r model. We call this
model the ΛCDM+r+νs model. It has been shown that
the ΛCDM+r+νs model successfully yields a large r with
Planck data and thus relieves the tension between Planck
and BICEP2 [3–5]. Besides, actually, this model can
also significantly reduce other tensions between Planck
and other astrophysical observations, such as the direct
measurement of H0, the Sunyaev-Zeldovich (SZ) cluster
counts, and the galaxy shear measurement [3–5]. It thus
appears that the ΛCDM+r+νs model has the poten-
tial to become a new cosmological concordance model.
∗Corresponding author
†Electronic address: zhangxin@mail.neu.edu.cn
For other proposals to produce large B modes, see, e.g.,
Refs. [6–21].
In previous work [3–5], the consistency relation nt =
−r/8 for single-field slow-roll inflation models was as-
sumed. Thus, we actually indicate a slightly red-tilt
(nt < 0) spectrum with nt = −0.026 for our best-fit
result r = 0.207. However, recently, it has been reported
that a strongly blue-tilt (nt > 0) spectrum is preferred by
the combination of BICEP2 and Planck data, if one takes
nt as a free parameter [22–25]. On the other hand, by
using the BICEP2 data only, Ref. [26] obtained a slightly
red-tilt spectrum. In this paper, we will study the ob-
servational constraints on nt by using the BICEP2 and
Planck data in the model with sterile neutrinos. We call
such a model the ΛCDM+r+νs+nt model, where the tilt
nt is taken as a free parameter. We will show that our
constraint result of nt is consistent with the results re-
ported in Refs. [22–25] (and is not in conflict with the re-
sults in Refs. [26, 27]), i.e., a strongly blue-tilt spectrum
is preferred by data, but a slightly red-tilt spectrum is
also allowed by the BICEP2 data.
This paper is organized as follows. In Sec. II, we briefly
describe the analysis method and observational data. In
Sec. III, we present the fit results and discuss them in
detail. We give conclusion in Sec. IV.
II. ANALYSIS METHOD AND DATA
We handle the cosmological perturbations and obtain
the theoretical scalar and tensor spectra using the public
Boltzmann CAMB code1. To probe the parameter space,
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2we use the numerical package CosmoMC2that is based on
a Markov Chain Monte Carlo (MCMC) technique. The
free parameter vector in the ΛCDM+r+νs+nt model is:
{ωb, ωc, 100θMC, τ , ns, ln(1010As), r0.002, nt, meffν,sterile,
Neff}, where ωb ≡ Ωbh2 and ωc ≡ Ωch2 denote the
present-day baryon and cold dark matter densities, re-
spectively, θMC is the approximation to the ratio of sound
horizon to angular-diameter distance to last-scattering
surface, τ is the Thomson scattering optical depth due
to reionization, and ns and As are the spectral index and
amplitude of the primordial curvature perturbations, re-
spectively. We use the pivot scale k0 = 0.002 Mpc
−1.
For the observations, we use the following data sets.
Planck+WP: the CMB temperature power spectrum
data from Planck [2], in conjunction with the polar-
ization power spectrum data from 9-year WMAP [28].
BAO: the latest measurement of the cosmic distance
scale from the Data Release 11 (DR11) galaxy sam-
ple of the Baryon Oscillation Spectroscopic Survey
(BOSS), DV (0.32)(rd,fid/rd) = (1264 ± 25) Mpc and
DV (0.57)(rd,fid/rd) = (2056 ± 20) Mpc, with rd,fid =
149.28 Mpc [29]. BICEP2: the CMB angular power
spectra (TT, TE, EE, and BB) data from BICEP2 [1].
H0: the direct measurement of the Hubble constant in
the Hubble Space Telescope observations, H0 = (73.8 ±
2.4) km s−1 Mpc−1 [30]. SZ: the combination of σ8 and
Ωm given by the counts of rich clusters of galaxies from
the sample of Planck thermal Sunyaev-Zeldovich (SZ)
clusters, σ8(Ωm/0.27)
0.3 = 0.78± 0.01 [31]. Lensing: the
CMB lensing power spectrum Cφφ` from Planck [32], and
also the combination of σ8 and Ωm given by the cosmic
shear data of the weak lensing from the CFHTLenS sur-
vey, σ8(Ωm/0.27)
0.46 = 0.774± 0.040 [33].
In our work, we will use different data combina-
tions to constrain the ΛCDM+r+νs+nt model. The
Planck+WP+BAO combination is used as a basic data
combination since in any case there is no tension between
Planck and BAO. We also use the BICEP2 data in con-
junction with the Planck+WP+BAO data to constrain
nt. To constrain the sterile neutrino parameters, we add
the H0+SZ+Lensing data into our analysis. Besides, we
also use the BICEP2 data only to constrain r0.002 and nt
for comparison.
III. RESULTS AND DISCUSSION
Running eight chains with R − 1 < 0.05 achieved for
each data combinations, we obtain the fit results in the
ΛCDM+r+νs+nt model.
In Fig. 1, we show the marginalized poste-
rior distribution contours in the ns–r0.002 plane
by using the Planck+WP+BAO (left) and the
Planck+WP+BAO+BICEP2 (right) data combinations.
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The points are color-coded according to the values of nt.
From the left panel, one can see that the value of r0.002 is
amplified in the model with sterile neutrinos by using the
Planck+WP+BAO, and so the tension between Planck
and BICEP2 is alleviated. Nevertheless, compared to the
case with the consistency relation (see Fig. 1 of Ref. [3]),
we find that once nt is free the upper limit of r0.002 de-
creases evidently. One can therefore find from the right
panel that r = 0 cannot be excluded in the current case
(with free nt). Also, comparing the results of these two
panels, we find that the nt behaves rather differently. For
example, both the red and blue tilts of PGWs spectrum
can be found within the 2σ contour in the left panel,
while once the BICEP2 data are used (right panel), nt
is strongly preferred to be blue and inversely correlates
with r0.002. Other researchers [25, 27] suggest that such
a strongly blue-tilt spectrum is the compromise result of
the tension between the Planck and BICEP2 data. How-
ever, we will show that this strongly blue-tilt spectrum
is actually induced by the BICEP2 data themselves.
In Fig. 2, we plot the constraint results in the nt–r0.002
plane by using different data combinations. We notice
that the strong anticorrelation between nt and r0.002 ac-
tually comes from the BICEP2 data (see the green con-
tours). This strong anticorrelation between nt and r0.002
in the BICEP2 data can be easily understood. Since the
BICEP2 data are most sensitive to multipole ` ∼ 150 cor-
responding to k ∼ 0.01 Mpc−1, if we fix r0.01 = 0.2, then
we immediately obtain r0.002 = 0.2(
k=0.002
k=0.01 )
nt . We show
this function by a black dashed line in Fig. 2. Clearly,
this curve is highly consistent with the fit result by using
the BICEP2 data only. Now the strong blue-tilt spec-
trum can be explained as the result that a small value
of r0.002 cannot be excluded by the BICEP2 data in the
case of a free nt. We also test the consistency relation
nt = −r/8 (denoted by a black doted line) in Fig. 2. Us-
ing the BICEP2 data only (green contours), we find that
a red-tilt spectrum is also preferred in the region with
larger r0.002. However, once the Planck data are added
(magenta and blue contours) in the analysis, the region
with a red-tilt spectrum is significantly narrowed. This is
due to the fact that the Planck data prefer a small r0.002
in the case of free nt.
Finally, we summarize all the important fit results
for the ΛCDM+r+νs+nt model in Table I and Fig. 3.
By using the Planck+WP+BAO+BICEP2 data com-
bination, we obtain meffν,sterile < 0.46 eV (95% CL),
Neff = 3.73
+0.32
−0.39, r0.002 < 0.154 (95% CL), and nt =
1.06+0.53−0.64. The mass of sterile neutrino cannot be well
constrained in this case. After adding H0, SZ, and Lens-
ing data, we get tight constraint results for sterile neu-
trino: meffν,sterile = 0.48
+0.11
−0.13 eV and Neff = 3.73
+0.34
−0.37. We
also obtain r0.002 < 0.172 (95% CL) and nt = 0.96
+0.48
−0.63
by using the full data combination.
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FIG. 1: Constraint results in the ns–r0.002 plane for the ΛCDM+r+νs+nt model by using the Planck+WP+BAO (left panel)
and the Planck+WP+BAO+BICEP2 (right panel) data. Points are color-coded according to the values of nt.
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FIG. 2: Constraint results in the nt–r0.002 plane for the
ΛCDM+r+νs+nt model by using different data combina-
tions. The black dashed line is plotted for the function
r0.002 = 0.2(
k=0.002
k=0.01
)nt . The black dotted line denotes the
consistency relation r0.002 = −8nt.
TABLE I: Fit results for the ΛCDM+r+νs+nt model. We
quote ±1σ errors, but for the parameters that cannot be well
constrained, we quote the 95% CL upper limits.
Planck+WP+BAO+BICEP2 +H0+SZ+Lensing
Parameters Best fit 68% limits Best fit 68% limits
Ωb 0.02229 0.02247
+0.00029
−0.00030 0.02282 0.02274 ± 0.00029
Ωc 0.1235 0.1278
+0.0054
−0.0061 0.121 0.1238
+0.0052
−0.0054
100θMC 1.04074 1.04046
+0.00073
−0.00074 1.0407 1.04082
+0.00077
−0.00076
τ 0.096 0.098
+0.013
−0.015 0.108 0.107
+0.015
−0.017
meffν,sterile 0.00 < 0.46 0.42 0.48
+0.11
−0.13
Neff 3.45 3.73
+0.32
−0.39 3.56 3.73
+0.34
−0.37
ns 0.973 0.986 ± 0.012 0.989 0.990+0.014−0.012
nt 1.25 1.06
+0.53
−0.64 1.44 0.96
+0.48
−0.63
ln(1010As) 3.196 3.169 ± 0.034 3.165 3.166+0.032−0.031
r0.002 0.028 < 0.154 0.020 < 0.172
ΩΛ 0.6925 0.6957
+0.0094
−0.0096 0.6964 0.6945 ± 0.0088
Ωm 0.3075 0.3043
+0.0096
−0.0094 0.3036 0.3055 ± 0.0088
σ8 0.807 0.817
+0.036
−0.030 0.76 0.758 ± 0.012
H0 69.4 70.9
+1.7
−2.1 70.1 70.6
+1.4
−1.8
− lnLmax 4922.02 4930.77
IV. CONCLUSIONS
In this paper, we have studied the observational con-
straints on the tilt nt of the PGWs power spectrum in the
model with sterile neutrinos by using the Planck+WP,
BAO and BICEP2 data. We call such a model the
ΛCDM+r+νs+nt model. To constrain the parameters
of the sterile neutrino species, we also used the H0, SZ,
and Lensing data in this work. We found that there
exists a strong anticorrelation between nt and r0.002 in
the BICEP2 data. After a careful analysis, we found
that this strong anticorrelation comes from the fact that
the BICEP2 data are sensitive to multipole ` ∼ 150 cor-
responding to k ∼ 0.01 Mpc−1. Furthermore, due to
the anticorrelation between nt and r0.002 in the BICEP2
data, a strong blue-tilt spectrum is preferred, since a
small value of r0.002 cannot be excluded by the BICEP2
data in the case of a free nt. We also tested the consis-
tency relation nt = −r/8 in this analysis. We found that
although a strongly blue-tilt spectrum is preferred by the
BICEP2 data, a slightly red-tilt spectrum is also allowed
in the region with larger value of r0.002. However, since
a small r0.002 is preferred by the Planck data in the case
of free nt, the region with a red-tilt spectrum is signif-
icantly narrowed, once the Planck data are added. For
the ΛCDM+r+νs+nt model, the combination of the full
data sets gives meffν,sterile = 0.48
+0.11
−0.13 eV, Neff = 3.73
+0.34
−0.37,
r0.002 < 0.172 (95% CL), and nt = 0.96
+0.48
−0.63.
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FIG. 3: Cosmological constraints on the ΛCDM+r+νs+nt model by using the Planck+WP+BAO+BICEP2 data and the
Planck+WP+BAO+BICEP2+H0+SZ+Lensing data.
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